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a b s t r a c t

To interpret the viscoelastic behaviour of entangled linear polymers in terms of dynamics of a single
macromolecule, we have been developing the approach, which allows one to study systematically devia-
tions from the Rouse dynamics, when adding non-Markovian and anisotropic noise. It was shown earlier,
that the introduction of specific form of non-Markovian dynamics leads to emerging of an intermediate
length, which has the meaning of a tube radius and/or the length of a macromolecule between adja-
cent entanglements. The additional introduction of local anisotropy of mobility of particles allows one
to get the results of the conventional reptation-tube model for both mobility and relaxation times of
macromolecular coil and, beyond it, to estimate a transition point between weakly (the length of macro-
molecules M< 10Me, no reptation) and strongly (the length of macromolecules M> 10Me, reptation)
entangled polymer systems. The adequate mesoscopic equation allows us to develop theory of different
relaxation phenomena, in particular, a theory of viscoelasticity and to formulate constitutive equations
for linear polymers, which, due to the difference of mechanisms of relaxation, appear to be different for
the two types of entangled systems.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

A system of macromolecules with the molecular weights
(lengths) above 2Me, whereMe is ‘the molecular weight (length) of
a macromolecule between adjacent entanglements’, is used to be
called the system of entangled macromolecules [1–3]. To explain
the empirical facts of macromolecular mobility, one has to con-
sider two modes of motion of separate macromolecules in the
systems of entangled macromolecules: diffusive isotropic and rep-
tation anisotropic [1], which determine, as we have shown earlier
[4], two kinds of systems with different predominant relaxation
mechanisms of macromolecules in the system. In the strongly
entangled linear polymers (M> 10Me), relaxation of separate
macromolecules is realised through reptation—these are systems
to which the results of conventional reptation-tube theory [2]
and its modifications [6–8] can be applied, while, in the weakly
entangled systems (M< 10Me), the reptation is absent, the relax-
ation of macromolecules is realised through isotropic diffusion
of particles of macromolecules. Recently [4,5], we attempted to
find such a formal unified equation for dynamics of individual
macromolecules in the system, which could explain all peculiar-
ities of dynamic behaviour of the system in the region above 2Me.
Indeed, the proposed model allowed one to get a consistent inter-
pretation of experimental data for diffusion and conformational
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relaxation of linear macromolecules in the systems of entangled
macromolecules [5]. The proposed theory could be considered as an
attempt to formalise the common knowledge about the dynamics of
a macromolecule; in any case, it recovers (with some corrections)
the results of the conventional reptation-tube model, that is the
confinement of a macromolecule in the tube and easier (reptation)
motion of the macromolecule along its contour—the features, which
were envisaged originally by Edwards [9] and de Gennes [10] for
entangled systems. The considered model is a non-Markovian and
non-linear generalisation of the Rouse dynamics that allows one to
describe stochastic dynamics of a macromolecule in an entangled
system, so that, to stress the difference to the Doi–Edwards model,
which operates with mean quantities, the model can be called a
model of underlying stochastic motion.

In this paper, we intend to apply the unified equations of macro-
molecular dynamics for derivation of the constitutive equations of
the systems. In Section 2, the fundamentals of dynamics of a macro-
molecule in the system of macromolecules are discussed and the
linear normal modes of the system are described. We have no possi-
bility to collect all details here: some of them can be found in other
places [3–5] and in the original papers cited there. The purpose of
this Section is to discuss the foundations and main features of the
mesoscopic approach for both weakly and strongly entangled sys-
tems. In Section 3, linear dynamics of entangled systems will be
considered in linear approximation of macromolecular dynamics.
We shall not be able here to presents the results on the base of
non-linear unified model and have to be restricted to a discussion
of linear dynamics. The results for dynamic modulus shows that
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the linear approximation of macromolecular dynamics allows us to
calculate correctly terminal properties for both weakly and strongly
systems, but is non-sufficient to describe adequately dynamic mod-
ulus in the whole region of frequencies. In Section 4, we shall
consider, rectifying our previous results [11], constitutive relations
for weakly entangled systems and discuss its consequences for two
simple cases: simple shear and simple elongation. A sample of
identification of a weakly entangled system is given. The Section
5 contains a discussion of the problem.

2. Dynamics of a macromolecule in an entangled system

It is known [2,3], that every flexible macromolecule can be effec-
tively presented as a chain of coupled Brownian particles (so called
bead and spring model). To reduce the problem of many interacting
chains, one can follow Zwanzig–Mori method, described, for exam-
ple, in monographs [12,13] to derive a dynamic equation for a single
chain in a system of entangled chains. A direct solution of the prob-
lem of simultaneous motion of many macromolecules, which could
bring an answer, appeared to be a rather difficult problem. As far as
we know, accurate results are available only for short chains [14],
when reptation motion is not expected. Considering longer macro-
molecules, one can refer to the Mori–Zwanzig projector operator
technique, as a possible foundation of the approach, and say that it
is natural to present the anticipated dynamic equation for a chain
as stochastic equation with memory function terms. The dynamics
of a probe macromolecule in an entangled system can be sim-
plified by the assumption that the neighbouring macromolecules
are described as a uniform non-structural medium and all impor-
tant interactions can be reduced to intramolecular interactions, so
that large-scale stochastic dynamics of a single macromolecule in
the entangled system can be considered as dynamics of effective
Brownian particles.

2.1. A non-Markovian form of dynamic equations

To present a general form of the equation of dynamics of a probe
macromolecule in an entangled system [3], the situation can be
considered in an approximation, which is linear to respect to veloc-
ities, while the mutual hydrodynamic interaction of the particles
can be omitted, so that effective dynamics of a single chain, as the
dynamics of coupled Brownian particles, is described by a set of the
coupled stochastic equations:

m
d2r˛

i

dt2
= −�(ṙ˛i − �ijr˛j ) + F˛i + G˛i − 2�TA˛�r

�
i

+ �˛i (t),

˛ = 0,1,2, . . . , N, (1)

where m is the mass of a Brownian particle associated with a
piece of the macromolecule of length M/N, r˛ and ṙ˛ = u˛ are the
coordinates and velocity of the Brownian particle and 2T� is the
coefficient of elasticity of ‘a spring’ between adjacent particles, T is
temperature in energy units. The matrixA˛� depicts the connection
of Brownian particles in the entire chain and has the form:

A =

∣∣∣∣∣∣∣∣
1 −1 0 . . . 0
−1 2 −1 . . . 0
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 0 . . . 1

∣∣∣∣∣∣∣∣
. (2)

The dissipative forces in Eq. (1) are introduced by three
terms, the first of which, −�u�

j
, presents the resistance from the

‘monomeric’ liquid, and the others, F˛
i

and G˛
i

present the effec-
tive forces from the neighbouring macromolecules and satisfy the

equations:

�

(
dF˛
i

dt
−ωilF˛l

)
+ F˛i = −�BH˛�

ij
(u�
j

− �jlr�l ), (3)

�

(
dG˛

i

dt
−ωilG˛l

)
+ G˛i = −�EG˛�

ij
(u�
j

−ωjlr�l ) (4)

where � is a relaxation time of effective medium surrounding every
particle. The simplest case assumes that one chooses the single time
of relaxation. The introduced relaxation time � coincides with the
terminal viscoelastic relaxation time, which means that the theory
is characterized by self-consistency. The matrixes H˛�

ij
and G˛�

ij
in

Eqs. (3) and (4) determine the mutual influences on motion of the
particles of the chain. In Section 2.3, a few particular choices of the
matrixes will be discussed.

The force F˛
i

is a hydrodynamic drag force in the medium moving
with mean velocity gradient �ij , so that a particle located at a point
with co-ordinates r˛

j
is dragged with velocity �ijr˛j . The second force

G˛
i

is a force of internal resistance with the property:

N∑
˛=0

G˛i = 0, i = 1,2,3. (5)

This force, defined by Eq. (4), represents the intramolecular
resistance (kinetic stiffness) of the coil and, due to the vorticity
term ωil = 1/2(�il − �li), does not depend on the rotation of the
macromolecular coil as a whole.

The above dynamic equations were designed [3] to describe
effects in entangled systems, that is in the systems consisting of
macromolecules of lengthM> 2Me, whereMe is ‘the length of the
macromolecule between adjacent entanglements’, though in the
case, when B = 0 and E = 0, the considered equations describe the
Rouse dynamics of macromolecule in a viscous liquid. For entangled
systems, the coefficients B and E in Eqs. (3) and (4) are introduced
as measures of intensities of the external and internal extra dissi-
pative forces, connected with the neighbouring macromolecules.
The dependence of the quantity B on the length of macromolecules
can be estimated [4] by using simple picture of overlapping coils
[15] or the constraint-release mechanism [16]. In either case the
dependence of the quantity on the length of neighbouring macro-
moleculesM0 (it is helpful for the analysis to distinguish this from
the length M of the probe macromolecule, even if all of them are
equal) can be approximated as a power function:

B∼Mı0. (6)

The estimates determine value of the index 2 or 3, but the empir-
ical value, according to dependence of the coefficient of viscosity on
the length of macromolecules, is ı = 2.4. The measure of internal
resistance E of a macromolecule is small for entangled systems of
short macromolecules, but, for long macromolecules, the quantity
has an asymptotic dependence:

E∼Mı0M. (7)

For the considered, linear in velocities, case, the correla-
tion functions of the stochastic forces in the system of Eq. (1)
can be easily determined from the requirement that, at equilib-
rium, the set of equations must lead to well-known results (the
fluctuation–dissipation theorem). It is readily seen that, according
to the general rule [17]:

〈�˛i (t)��
k

(t′)〉 = T�
[

2ı˛�ıikı(t − t′) + 1
�

(BH˛�
ij

+EG˛�
ij

) exp
(

− t − t′
�

)]
. (8)



Author's personal copy

G.V. Pyshnograi et al. / J. Non-Newtonian Fluid Mech. 164 (2009) 17–28 19

The extra sources of inspiration for formulating the above equa-
tions, also as discussion of origin and physical meaning of the
introduced quantities �, B and E, can be found in our earlier publi-
cations [3,4].

2.2. A Markovian form of dynamic equations

It is convenient to use the co-ordinates, in which the matrix A˛�
has the diagonal form. The eigenvalues of the matrix A˛� for large
N and small ˛ are given by

	˛ =
(

˛

N

)2
, ˛ = 0,1,2, . . . ,� N. (9)

The transition to the new variables defines the variables:

r˛i = Q˛���i ,  ˛i = Q˛� �i , F˛i = Q˛���i , G˛i = Q˛�T�i
(10)

and one can rewrite the set of Eqs. (1), (3) and (4) in the form:

d
dt
�˛i =  ˛i ,

m
d
dt
 ˛i = −�( ˛i − �ij�˛j ) +�˛i + T˛i − 2�T	˛�˛i + ˛i ,

�
(

d
dt
�˛i −ωil�˛l

)
+�˛i = −�BH˛�ij ( �j − �jl��l ),

�
(

d
dt
T˛i −ωilT˛l

)
+ T˛i = −�EG˛�ij ( �j −ωjl��l ) (11)

where

H˛�ij = Q�˛H��ij Q��, G˛�ij = Q�˛G��ij Q�� (12)

The random process in Eq. (11) can be represented as a sum of
the two independent processes:

˛i (t) = ̄˛i (t) + ̃˛i (t),

while the first one is a Gaussian process with the correlation:

〈̄�
i

(t)̄�
j

(t′)〉 = 2T�ı��ıijı(t − t′) (13)

and the second one is not delta-correlated, but a Gaussian process
as well.

It is convenient to introduce the variable:

ϕ˛i = �˛i + T˛i + ̃˛i (t),

to write the dynamic Eq. (11) in more compact form:

d
dt
�˛i =  ˛i ,

m
d
dt
 ˛i = −�( ˛i − �ij�˛j ) + ϕ˛i − 2�T	˛�˛i + ̄˛i ,

�

(
dϕ˛

i

dt
−ωilϕ˛l

)
= −ϕ˛i − �BH˛�ij ( �j − �jl��l )

− �EG˛�ij ( �j −ωjl��l ) + �˛i (t). (14)

This set of stochastic equations is equivalent to Eq. (11) but, in
contrast to the latter case, the equations are written as a set of
Markov stochastic equations.

The random process in the last stochastic equation from set (14)
is related to the above introduced random force by equation

��
i

= �̃�
i

+ �
(

d�̃�
i

dt
−ωil�̃�i

)
, (15)

so that one can write

〈��
i

(t)��
j

(t′)〉 = 2T�(BH��
ij

+ E G��
ij

) ı(t − t′). (16)

One can note that Eq. (14) can be interpreted as Langevin equa-
tion for the Rouse chain in the presence of the extra random force
ϕ˛
i

. One can note that dynamics of a polymer chain in random fields
was studied extensively [18,19], as a possible mode of motion of a
macromolecule in entangled system. One can also note that this
equation (at m = 0) is identical to the Langevin equation, which
was formulated [20] to study the behaviour of polymer chain in a
random static field. However, the forceϕ˛

i
in Eq. (14) is not static one

and can be specially designed for a chain in the entangled system,
according to the last equation.

2.3. Specification of the matrixes

The quantities (11) determine peculiarities of intramolecular
interaction and can be specified for some simple cases.

2.3.1. Linear approximation
In the linear case, the matrixes H˛�

ij
and G˛�

ij
are numerical

matrixes, satisfying the requirement (5), so that the simplest forms
can be written as

H˛�
ij
u�
j

= u˛i , G˛�
ij
u�
j

= 1
N

{
(N + 1)u˛i −

N∑
�=0

u�
i

}
= G˛�u�

i
.

(17)

where G˛� is a component of the numerical matrix, which repre-
sents the influence of movement of the particle � on the movement
of the particle ˛ which is considered to be small at � /= ˛, so that
it is expected to be almost diagonal. As an initial approximation,
to express the idea of severe confinement, one can assume that
the intramolecular resistance force is determined equally by all the
particles of the chain, so that one has for the matrix:

G =

∣∣∣∣∣∣∣∣
1 −1/N . . . −1/N
−1/N 1 . . . −1/N
. . . . . . . . . . . .
. . . . . . . . . . . .
−1/N −1/N . . . 1

∣∣∣∣∣∣∣∣
. (18)

We have chosen the simplest form of the symmetric matrix G˛� ,
consistent with the requirement that the matrix must have a zero
eigenvalue. This form allows the matrix G˛� to be transformed into
diagonal form simultaneously with matrix A˛� . All eigenvalues of
the matrix G˛� , besides the zeroth one, are equal to unity, so that

H˛�ij = ı˛�ıij, G˛�ij =
{

0, ˛ = 0,
ı˛�ıij, ˛ /= 0.

(19)

2.3.2. Global anisotropy
When velocity gradients are applied to the system of entangled

macromolecules, it becomes anisotropic, which can be charac-
terized by a tensor of anisotropy aik, which is assumed to be
determined by orientation of the segments of macromolecules, that
is, to be proportional to the stress tensor:

aij∼�ij. (20)

In this case one can assume that each Brownian particle of the
chain moves in the anisotropic medium. The expressions for the
discussed quantities (12) for case, when one can neglect the hydro-
dynamic interaction and consider the medium anisotropic, can be
written as

H˛�ij = ı˛�ˇij, G˛�ij = ı˛��ij, (21)
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where ˇij and �ij are tensor functions of the anisotropy tensor,
which, in linear approximation, have the simple form:

ˇik = ıik − 3ˇa′
ik − �allıik, �ik = ıik − 3�a′

ik − �allıik (22)

where the notation for the deviator of the tensor of anisotropy is
used:

a′
ik = aik − 1

3
allıik.

The linear approximation (22) is insufficient to describe the vari-
ation of the friction coefficient at large velocity gradients. In this
case, approximation (22) can be generalised [21] to become:

ˇik = (ıik + 3ˇa′
ik + �allıik)−1, �ik = (ıik + 3�a′

ik + �allıik)−1.

(23)

Expressions (22) and (23) coincide with accuracy up to the first-
order term in respect of the tensor of anisotropy. Of course, if
necessary, one can use any other approximation that is consistent
with (22).

2.3.3. A non-linear approximation: local anisotropy
The situation is getting considerably complicated, if one wants

to take into account that the mobility of a particle along the axis of
a macromolecule is bigger than that in the perpendicular direction,
so that the entire macromolecule can move easier along its contour.
Introduction of the local anisotropy of mobility allows us to specify
the extra forces of external and internal resistance and define the
quantities (12) as

H˛�
ij

= ı˛�

[
ıij −

3
2
ae

(
e�
i
e�
j

− 1
3
ıij

)]
,

G˛�
ij

= G˛�
[
ıij −

3
2
ai

(
e�
i
e�
j

− 1
3
ıij

)]
,

e˛i = r˛+1
i

− r˛−1
i

|r˛+1 − r˛−1| , ˛ = 1,2, . . . , N − 1,

e0
i e

0
j = eNi e

N
j = 1

3
ıij, (24)

where ae and ai are parameters of local anisotropy introduced in
such a way, that positive values of the parameters correspond to
increase in mobility along the contour of the chain. Every inter-
nal particle of the chain can be ascribed by the direction vector
e˛, ˛ = 1, . . . , N − 1, while the zeroth and the last particles hav-
ing no direction, so that there are N − 1 vectors for a chain. It is
convenient formally to introduce the vectors for the end particles
e0 and eN and consider the product of components of the vec-
tors to be defined as above. For the linear case, when on average
e˛
i
e˛
j

= (1/3)ıij , one returns from Eq. (17) to relations (14).
While introduction of the global anisotropy remains the equa-

tion for the macromolecular dynamics linear in co-ordinates and
velocities, the introduction of the local anisotropy makes it non-
linear in co-ordinates. Both global and local anisotropy are needed
to describe the non-linear effects of the relaxation phenomena in
the mesoscopic approximation, but the latter case is still waiting
for its investigator.

3. Viscoelasticity of entangled systems

In equilibrium situations, the model reproduces all peculiari-
ties of behaviour of macromolecules in entangled system [3,5] and
seems to look reliable to apply to description of viscoelasticity of
both weakly and strongly entangled systems. Unfortunately, we
cannot present the results for strongly entangled systems, we shall
discuss the results, derived on the base of linear approximation of

macromolecular dynamics. The results of consequent calculations
on the base of non-linear unified model are non-available yet.

3.1. The stress tensor

The method described by Rice and Gray [22] was used to cal-
culate the stress tensor of the system as a stress tensor of the
suspension of Brownian particles [3,23]. The assumption that the
particle velocities are described by the local-equilibrium distribu-
tion yields:

�kj = −n(N + 1)Tıjk + n
N∑
˛=0

〈2T� r˛k A˛�r
�
j

− G˛j r˛k 〉. (25)

As a consequence of the mesoscopic approach, the stress tensor
(25) of a system is determined as a sum of the contributions of all
the macromolecules, which in this case can be expressed by sim-
ple multiplication by the number of macromolecules n. We use the
normal co-ordinates (10) to write down this equation in the form:

�ik = −n(N + 1)Tıik + n
∑
�

(2�T	�x�ik − Tıik − 〈��kT�i 〉)

where T�
k

= Q��G�k is the transformed force of the internal viscosity
determined by Eq. (4). It is convenient to use the macroscopic mean
quantities:

x˛ij = 2
3
�	˛〈�˛i �˛j 〉, u˛ij = − 1

3T
〈�˛j T˛i 〉 (26)

to write the stress tensor in the more compact form

�ik = −pıik + 3nT
∑
�

(
x�ik − 1

3
ıik + u�ik

)
. (27)

The pressure p includes both the partial pressure of the gas of
Brownian particles n(N + 1)T and the partial pressure of the car-
rier “monomer” liquid. We shall assume that the viscosity of the
“monomer” liquid can be neglected.

The macroscopic variablesx�
ik

andu�
ik

, which has to be considered
as thermodynamic internal variables, can be calculated directly on
the base of stochastic dynamics or found as solutions of relaxation
equations which are discussing in [3,4].

3.2. Linear effects of viscoelasticity

3.2.1. Dynamic modulus
To find the stresses for the linear case, one can use the results of

direct calculations of the quantities x�
ik

andu�
ik

, derived by the meth-
ods developed earlier [3]. This procedure determines an expression
for the dynamic modulus, written, after some rearrangement, in the
form of a sum over all relaxation processes, which, for the consid-
ered case, are divided into five relaxation branches, so that

G(ω) = nT(−iω)
5∑
a=1

∑
˛

p(a)
˛ �

(a)
˛

1 − iω�(a)
˛

. (28)

The times of relaxation �(a)
˛ and the corresponding weights p(a)

˛

were calculated earlier [3] on the base of dynamic equations in
linear approximations (some misprints found in [3] are also cor-
rected):

�(1)
˛ = �+

˛ = 1
2

(
�˛ + (�2

˛ − 2��R
˛)

1/2
)
,

�(2)
˛ = 2��+

˛

� + 2�+
˛
, �(3)
˛ = 2�+

˛ �
−
˛

�+
˛ + �−

˛
,
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�(4)
˛ = 2��−

˛

� + 2�−
˛
, �(5)
˛ = �−

˛ = 1
2

(
�˛ − (�2

˛ − 2��R
˛)

1/2
)

;

p(1)
˛ = T+

˛ S
+
˛

(
1 − 2E�R

˛

2�+
˛ − �

)
,

p(2)
˛ = S+

˛
E�R
˛

�
+ T+

˛ S
+
˛

2E�R
˛

2�+
˛ − � − (T+

˛ S
−
˛ + T−

˛ S
+
˛ )

2E�R
˛

2�−
˛ − � ,

p(3)
˛ = (T+

˛ S
−
˛ + T−

˛ S
+
˛ )

(
E�R
˛

2�+
˛ − � + E�R

˛

2�−
˛ − � − 1

)
,

p(4)
˛ = −S−

˛
E�R
˛

�
+ T−

˛ S
−
˛

2E�R
˛

2�−
˛ − � − (T+

˛ S
−
˛ + T−

˛ S
+
˛ )

E�R
˛

2�+
˛ − � ,

p(5)
˛ = T−

˛ S
−
˛

(
1 − 2E�R

˛

2�−
˛ − �

)
,

where the auxiliary quantity S±
˛ and T±

˛ are defined as:

S±
˛ = �R

˛(1 + B+ E) − �∓
˛

�+
˛ − �−

˛
, T±

˛ = �R
˛(1 + B) − �∓

˛

�+
˛ − �−

˛
.

In contrast to the original Rouse modes, the modified modes of a
macromolecule in an entangled system lead to the two conforma-

tion relaxation branches

�+
˛ = �˛ − ��R

˛

2�˛
, �−

˛ = ��R
˛

2�˛
.

�˛ = �

2
+ �R

˛(1 + B+ E) = �∗B
(
�+ 1

˛2

(
1 + E

B

))
, � = �

2B�∗

where �∗ is the largest relaxation time of a macromolecule in vis-
cous liquid—the characteristic Rouse relaxation time.

Fig. 1 presents experimental values of dynamic shear modulus
for polystyren-es with different molecular weights and theoretical
dependences, which includes contributions from the five relax-
ation branches, presented by the solid lines. This comparison
illustrates insufficiency of linear approximation for macromolecule
dynamics to describe the effects of linear viscoelasticity of entan-
gled systems. For polymers with the length M> 10Me—strongly
entangled systems, the most essential contribution is given by
the second relaxation branch, which is the orientation relax-
ation branch with relaxation times close to �, which determines
terminal characteristics (see the next section). The largest con-
formational relaxation times have appeared to be unrealistically
large for strongly entangled systems in linear approximation of
macromolecular dynamics. The introduction of local anisotropy
of mobility helps one to improve the situation [5]: the largest

Fig. 1. Dynamic modulus of typical polymers. The experimental points taken from the review by Watanabe [24] are due to the original measurements of Schausberger et
al. [25], for polystyrenes. The numbers at the curves indicate the molecular weight of macromolecules 10−3 ·M. The reference temperature is T = 1800 C, G′

e = 2 × 105 Pa.
The length between entanglement is Me = 16,000, so that the theoretical dependences, shown by the solid lines, are calculated for the numbers of entanglements per
macromolecule M/Me = 2.125, 3.813, 7.813, 18.25, 47.31, 158.75, which induce the corresponding values of parameters B, and E, estimated according to Eqs. (6) and (7).
The theoretical dependences for the strongly entangled systems contain contributions from the conformation relaxation branch, shown by dashed lines.
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relaxation times decrease when the coefficient of local anisotropy
increases. However, one can see that the contribution of the con-
formation reptation branch into dynamic modulus appears to be
negligible for the high-molecular weight polymers in the region of
high frequencies, so that, whichever mechanism of conformational
relaxation is realised, the second branch gives a good approxi-
mation of terminal quantities for the strongly entangled systems.
The remaining branches merge and form a group of slow relax-
ation times. The absence of non-linear terms in the macromolecular
dynamics affects also the behaviour in the transition region about
M ≈ 10Me. The difference between theoretical and empirical results
for polymers with length M< 10Me—weakly entangled systems,
can be also caused, in particular, by polydispersity of polymers,
which is larger for low-molecular weight samples, than for high-
molecular weight ones.

One can expect that inclusion of local anisotropy into calcula-
tion of dynamic modulus would bring a more adequate theoretical
picture of phenomenon.

3.2.2. Terminal quantities
To estimate the asymptotic behaviour of the dynamic modulus

at low frequencies, it is enough to consider the contributions from
the first two branches or even the contribution from the second
orientational branch. The contributions from the conformational
relaxation processes can be practically neglected. The expansion of
dynamic modulus

G(ω) = −iω�+ω2�

determines the terminal quantity: the viscosity coefficient � and
the elasticity coefficient �.

The result for the coefficients of viscosity and elasticity, corre-
spondingly, are

� = 
2

6
nT�∗ B∼Mı0M (29)

� =

⎧⎨
⎩

4

90
nT(�∗B)2∼M2ı

0 M
3, M < M∗ (a)


2

3
nT(B�∗)2�∼M2ı

0 M
2, M > M∗ (b)

(30)

This relations allows one to write expressions for terminal relax-
ation time:

�v = �

�
=

{

2

15
�∗B∼Mı0M2, M < M∗

� = 2�∗B�∼Mı0M, M > M∗
(31)

One can see that, in contrast to conformational relaxation time,
terminal time of relaxation (31) depends on the length of both
a probe macromolecule M and neighbouring macromolecules M0
for both weakly and strongly entangled systems. For the strongly
entangled systems, the calculated terminal relaxation time �v

appears to be equal to the relaxation time � which was introduced
to characterise the medium surrounding the probe macromolecule.
Thus, theory is self-consistent for this case and this confirms the
statement that chains of Brownian particles can be considered as
moving independently in a liquid made of interacting Kuhn seg-
ments. For the weakly entangled systems, it is natural to require
the self-consistency, that is equality of the relaxation times �v and
�, which gives for the ratio of relaxation times the self-consistent
value:

� = �

2B�∗ = 
2

30
. (32)

The above expressions also allow us to approximate the expres-
sion for dynamic modulus on the plateau:

Ge = �

�
=

⎧⎨
⎩

5
2
nT∼M−1, M < M∗


2

12
nT�−1∼M0, M > M∗

(33)

The last line allows one to introduce the interpretation of the
parameter � for the strongly entangled systems as

� = 
2

12
Me

M
≈ Me

M
. (34)

The described picture of viscoelastic behaviour corresponds to
empirical results [24], but differs from the conventional picture
based on the reptation-tube theory [2]. The latter appears to be
good for estimates of the diffusion coefficient and conformational
relaxation times of macromolecules, but failed to reproduce the
empirical molecular-weight dependencies of coefficient of viscos-
ity and viscoelastic terminal relaxation time for polymer melts. The
main deficiency of the reptation-tube theory is the exclusion all
relaxation processes, apart of conformational relaxation processes,
which are considered to be connected with motion, described with
the mean quantities: tube diameter and displacements of the par-
ticles, along the macromolecule ‘primitive’ contour. The different
generalizations of the reptation-tube model [6–8] seem to aim
to soften the borders of the tube and to take into account lat-
eral motion of particles and lead apparently to the model of the
underlying stochastic motion. The comparison of the approaches
could appear to be very helpful for the interpretation of mesoscopic
parameters.

4. Constitutive relations for weakly entangled systems

The derivation of constitutive equations for weakly entangled
systems, when M< 10Me, and for strongly entangled systems,
when M> 10Me, requires different approaches. Considering the
weakly entangled systems, one can use the linear approximation
of dynamic equations, taking into account global anisotropy. To
consider the strongly entangled systems, one needs in the non-
linear approximation of local anisotropy, while global anisotropy
can be neglected. At the moment, we could say about the case
of strongly entangled systems no more, than it is written in our
previous paper [10], and we shall restrict ourselves by demon-
stration, how constitutive relations can be derived for the case of
weakly entangled systems, which corresponds to the cases, when
concentration of polymer in solution is not so high or melt con-
sists of macromolecules of short length. We shall introduce some
simplifications: considering low frequencies, we shall neglect � in
comparison to �B in Eq. (14), which allows us to neglect the branches
of small relaxation times.

4.1. A many-mode aproximation

We can start with Eq. (27) for the stress tensor:

�ik = −pıik + 3nT
∑
�

(
x�ik − 1

3
ıik + u�ik

)
, (35)

which contains the internal variables, which are governed by relax-
ation equations [3,4]. The relaxation equations are valid for the
small mode numbers ˛2 � 1/� and can be written in the form:

dx˛
ik

dt
− �ijx˛jk − �kjx˛ji = − 1

2�˛

((
x˛ij − 1

3
ıij

)
bjk +

(
x˛kj −

1
3
ıkj

)
bji

)
(36)
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du˛
ik

dt
−ωiju˛jk −ωkju˛ji

= −
(

1
�
ıij +

1
2�˛

bij

)
u˛jk

− 1
�

E

B

[(
x˛ij − 1

3
ıij

)
djk − 2B�R

˛x
˛
il �ljfjk

]
+ �ilu˛lk (37)

where the set of relaxation times is defined as

�, �˛ = B�R
˛, �R

˛ = �∗

˛2
, ˛ = 1,2, . . .�

(
1
�

)1/2
.

In this case, the auxiliary quantities bik, dik and fik are defined, in
limits of applicability of the equations (˛2 � 1/�, � 1), in terms
of the anisotropy tensors ˇjl and �kl as

bik = ˇ−1
ik
, dik = ˇ−1

ij
�kj, fik = �ik (38)

where the tensor of global anisotropy:

ˇjk = (ıjk + �allıjk + 3ˇa′
jk)

−1, �jk = (ıjk + �allıjk + 3�a′
jk)

−1,

aij =
∑
�

(
x�ij −

1
3
ıij + u�ij

)
, a′

ij = aij −
1
3
allıij.

Eqs. (35)–(38) are a set of constitutive relations for the weakly
entangled systems in many-mode approximation. The description
of phenomena can be improved, if one takes into account the terms
of the first and higher orders at simplification of relaxation Eqs. (36)
and (37). In this way, as it was shown in [27], one can get the system
of constitutive relations of the first order according to parameter ,
which contains two coupled relaxation equations.

4.2. A single-mode approximation

In virtue of applicability of relaxation equations (36) and (37)
(˛2 � 1/� at the limit value of � = 0.3), only one or two modes,
which determine the main contribution to viscoelasticity ought to
be used for description of flows. One can expect that a reasonable
approximations to many-mode constitutive relations can be get at
reducing the number of modes to minimum.

4.2.1. Constitutive relations
It is clear that at the transition from many modes to a single

mode, weight coefficients for mode contributions have to be intro-
duced into the stress tensor. One has to require correspondence of
some limiting quantities to the same ones calculated within the
many-mode theory, which confines arbitrariness to the choice of
the weights. The following form of the stress tensor gives the correct
answer:

�ik = −pıik + 
2

2
nT

(
x1
ik − 1

3
ıik + u1

ik

)
. (39)

In the case considered, the multiplier in the stress tensor are
chosen in such a way as to satisfy the values for the coefficient of
viscosity.

Every mode of the relaxation equations (36) and (37) contains
two relaxation processes. So, one can keep one relaxation equa-
tion from each relaxation branch only and have the two relaxation
equations to be considered:

dx1
ik

dt
− �ijx1

jk − �kjx1
ji = − 1

2�1

[(
x1
ij −

1
3
ıij

)
bjk +

(
x1
kj −

1
3
ıkj

)
bji

]
(40)

du1
ik

dt
−ωiju1

jk −ωkju1
ji = −

(
1
�
ıij +

1
2�1

bij

)
u1
jk

− 1
�
 

[(
x1
ij −

1
3
ıij

)
djk − 2B�R

1 x
1
il�ljfjk

]
+ �ilu1

lk (41)

where the relaxation time �1 = �∗B and the auxiliary quantities are

bik = ˇ−1
ik
, dik = ˇ−1

ij
�kj, fik = �ik,

ˇik = [(1 − � + (� − ˇ)all)ıik + 3ˇaik]
−1,

�ik = [(1 − �+ (�− �)all)ıik + 3�aik]
−1,

aik = x1
ik − 1

3
ıij + u1

ij.

The relaxation equations (40) and (41) describe the joint non-
linear relaxation of the two variables which appear to be weakly
connected with each other through the term with the small quan-
tity  in Eq. (41).

The form of constitutive equations in the single-mode approx-
imation (39)–(41) can be simplified. It is convenient to keep the
previous definitions of the shear viscosity �0 and define the relax-
ation time �0 as

�0 = 
2

6
nT�∗B, �0 = �∗B, (42)

so that expression (40) for the stress tensor can be written in the
form:

�ik = −pıik + 3
�0

�0

(
ik − 1

3
ıik

)
, ik = x1

ik − 1
3
ıij + u1

ij. (43)

One can see, that in zero approximation ( = 0), the relaxation
equations (40) and (41) appear to be independent. The expansion
of the quantity u1

ik
in powers of velocity gradient begins with terms

of the second order [3,4], so that, according to Eq. (41), the vari-
able u1

ik
is not perturbed in the first and second approximations at

all and, consequently, can be omitted at  = 0. In virtue of  � 1,
the second variable has to considered to be small in any case and
can be neglected with comparison to the first variable, so that the
relaxation equations for the new variable jk can be written as

dik
dt

− �ijjk − �kjji

= − 1
�0

[1 + (� − ˇ)(ss − 1)]
(
ik − 1

3
ıik

)
− 1
�0

3ˇ
(
ij −

1
3
ıij

)(
jk − 1

3
ıjk

)
. (44)

Eqs. (43) and (44) are the basic constitutive relations, which
allow us to develop a reliable theory of non-linear effects in vis-
coelasticity of weakly entangled polymer systems [21,26–30]. To
demonstrate that the system of constitutive relations (43) and (44)
describe the main observable effects for the flow of polymer melts,
we consider below two simple cases of flow: simple shear and sim-
ple elongation.

4.2.2. Simple shear flow
For the stationary shear flow (�12 /= 0), the system of Eqs. (43)

and (44) acquires the following form:

�ik = −pıik + 3
�0

�0
aik,

aij = ij −
1
3
ıij, a11 = 2�NSa12 − 3ˇ�N

(
a2

11 + a2
12

)
,

a22 = −3ˇ�N
(
a2

22 + a2
12

)
,
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Fig. 2. Shear viscosity coefficient vs. shear velocity gradient at � = (1)0.2, (2) 0.3,
and (3) 1.0; ˇ = 0.2.

a12 = �N
3
S + �NS a22 − 3ˇ�Na12 (a11 + a22) ,

�N = 1

1 +
(
� − ˇ

)
I
, I = a11 + a22 + a33 = 1

3
�0

�0
(�ii + 3p), (45)

where S = �0�12. The system of Eq. (45) can be solved with respect
to the quantities a11, a22 and a12, while these quantities can be
presented as functions of non-dimensional velocity gradient S =
�0�12 or the non-dimensional first invariant of the tensor of extra
stresses I. Calculated by numerical methods in this way, the viscosi-
metric functions for shear flow as functions of velocity gradients
were found for different values of the parameters ˇ and � and are
depicted in Figs. 2–6. In Figs. 2 and 3, the stationary shear viscosity
� is plotted as a function of the non-dimensional shear velocity S.
An increase in ˇ produces a decrease in �, while an increase of �
(for a fixed ˇ) leads to growing �. Note the effect of ˇ is more pro-
nounced (the variation of ˇ from 0.1 to 0.15 is “compensated” by
the variation of � from 0.3 to 1). Fig. 4 shows that for � > ˇ, �12 is
an increasing function of the shear velocity �12, which is a typical
empirical fact. Fig. 5 shows a plot of the first difference of normal
stresses N1 = �11 − �22 =  1�2

12. The value of � also has no effect

Fig. 3. Shear viscosity coefficient vs. shear velocity gradient at ˇ = (1)0, (2) 0.1, (3)
0.15, (4) 0.2, and (5) 0.3; � = 0.2.

Fig. 4. Shear stress vs. shear velocity gradient at ˇ = (1)0, (2) 0.1, (3) 0.15, (4) 0.2,
and (5) 0.3; � = 0.2.

Fig. 5. Coefficient of the first difference of normal stresses vs. shear velocity gradient
at ˇ = (1)0.05, (2) 0.2, and (3) 0.3; � = 0.2.

Fig. 6. Ratio of differential normal stresses vs. shear velocity gradient at ˇ = (1)0,
(2) 0.1, (3) 0.15, (4) 0.2, and (5) 0.3; � = 0.2.
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upon the coefficient of the first difference of normal stresses  1.
Fig. 6 shows a plot of the ratio of the second and first differences of
normal stresses (�22 − �33)/(�11 − �22) =  2/ 1 versus the shear
velocity. As is seen, the ratio is negative and has a small absolute
value. This quantity is significantly affected by the parameterˇ, and
only slightly depends on �. According to Fig. 6, the values of 2/ 1
calculated by the model (43) and (44) decrease with increasing �12,
but their absolute values are several times lower.

One can easily see that, in the region of small gradients, with
accuracy up to the third-order terms with respect to velocity gra-
dient �12, one has the dependences for the stresses:

�12 = ��12,
�

�0
= 1 − 1

3
(2� + 7ˇ)(�0�12)2,

�11 − �22 = 2�0�0�
2
12 = 2

�0

�0
�2

12,

�22 − �33 = −ˇ�0�0�
2
12 = −ˇ �0

�0
�2

12. (46)

These formulae allow one to estimate values of the parameters �0,
�0, � and ˇ observing the behaviour of stresses at small velocity
gradient.

4.2.3. Simple elongation
In the case of stationary uniaxial extension, when �ik = 0, i /= k,

and �22 = �33 = −�11/2, the system of Eqs. (43) and (44) can be
written as

�ik = −pıik + 3
�0

�0
aik, aij = ij −

1
3
ıij,

3ˇ �Na2
11 + (1 − 2�NS) a11 = 2

3
�NS,

3ˇ �Na2
22 + (1 + �NS) a22 = − 1

3
�NS,

�N = 1

1 +
(
� − ˇ

)
I
, I = a11 + 2a22 = 1

3
�0

�0
(�ii + 3p), (47)

where S = �0�11. The system of Eq. (47) can be solved with respect to
the quantities a11 and a22, while these quantities can be presented
as functions of non-dimensional velocity gradient S = �0�11 or the
non-dimensional first invariant of the tensor of extra stresses I. The
behaviour of the polymeric liquid is characterized by a stationary
viscosity for extension 	 = (�11 − �22)/�11, which is calculated and
plotted in Fig. 7 as a function of the dimensionless elongation veloc-
ity S for various values of the parameter (ˇ = �). At higher elongation
velocities, 	 attains a stationary level.

The difference in non-linear behaviour of shear and elongation
viscosity is a striking effect of linear polymers. To single out the
difference in a ‘pure’ form, one can find the ratio of stationary
elongational viscosity to stationary shear viscosity 	/� as universal
function of the first invariant of the tensor of additional stresses
D = 3(�0/�0)I. The ratio is shown in Fig. 8, where one can see the
influence of the parameters ˇ and �. The comparison of elonga-
tional and shear viscosity helps one to evaluate the parameter of
the induced anisotropy ˇ.

It was shown earlier [30] that, for the case, when ˇ = 0, the ratio
does not depend on the parameter � and has the form:

	

�
= 3 + 5

4
D+

(
3
2
D+ 9

16
D2

)1/2
(48)

The invariant D is calculated for shear and elongation flows as

D =

⎧⎪⎨
⎪⎩

2

(
�0

�0
�12

)2

, shear,

− 3
2

− 1
2
�0

�0
� + 1

2

(
9 + 6

�0

�0
� + 9

(
�0

�0
�

)2
)1/2

, elongation.

(49)

Fig. 7. Viscosity coefficient for the uniaxial tension vs. elongation velocity gradient
at ˇ = (1)0, (2) 0.01, (3) 0.05, (4) 0.1, (5) 0.2, and (6) 0.5.

4.3. A sample of identification of a weakly entangled system

A few steps of approximation determines the simple set of Eqs.
(43) and (44) for the simplest description of arbitrary flow of weakly
entangled polymer systems. The formulae exposed in the last sub-
sections, also as the curves depicted in Figs. 2–8 resemble the
typical situations for the flow behaviour of solutions and melts of
linear polymers. Turning to empirical situations, one should not
expect that description of a real system would be perfect: we have
developed the simplest description, which allows us to take into
account the main effects of flow of polymer melt, as was shown
in the previous subsections. The system contains only four char-
acteristic parameters �0, �0, � and ˇ. For a better description, one
needs to be reminded that, first, there are many modes of macro-
molecule dynamics (not only one, as it is considered here), then,
there can be effect of internal viscosity, macromolecular anisotropy
of mobility and so on, which are omitted in the present considera-
tion.

To demonstrate the applicability of the derived scheme to real
systems, we use the results of mesusements by Kulike and Wall-
baum [31] for solutions of polystyrene in toluene at 35 ◦ C of
different values of molecular weight M and polymer concentration
c. Figs. 9 and 10 show experimental values [31]. of stationary shear
viscosity� and the first difference of normal stressesN1 = �11 − �22
for the investigated systems. These figures contain also theoretical
curves for these quantities calculated due to the equations of the
previous subsection at the estimated values of the parameters �0,
�0, � and ˇ for studied [31] systems. The methods of evaluation of
the parameters are discussed below.

The empirical data at small velocity gradients for some systems
allows us, in virtue of Eq. (46), to estimate directly values of the
quantities �0 and �0, which are shown in Table 1 as empirical values
and marked by stars. To restore values of the parameter �0 for the
other systems, which do not allow direct estimation, we use the
relations (42), which can be written as

�0(c,M) = �0[cref,Mref]
(
c

cref

)4.8( M

Mref

)3.4
(50)

where one has to use values for the reference point: Mref = 9.15 ×
106, cref = 3% and �0[cref,Mref] = 7.9Pas. The calculated, according
to Eq. (50) values of the parameter �0 are also contained in Table 1
as calculated values.
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Fig. 8. The ratio of stationary elongational viscosity to stationary shear viscosity	/� as universal function of the first invariant of the tensor of additional stressesD = 3(�0/�0)I.
The effect of different values of the parameter � is shown in the left side of the picture, and the effect of different ˇ in the right side of the picture.

Turning to the evaluation of the initial relaxation time �0, note
that the initial slope of the first difference of normal stresses cannot
be evaluated with certainty, one can hardly evaluate this quantity
for three systems (see column �0, empirical in Table 1). The other
values of the relaxation time in the next two columns are evalua-
tions due to the correspondence of the normal stresses curves and
correspondence of the viscosity curves, whereas in the latter case,
we were trying to reach the coincidence for the viscosity curves at
big velocity gradients, that is a condition that �(�12) must be inde-
pendent on the molecular mass at large �12 values. The last column
of the Table 1 contains values calculated due to formula (42), which

Fig. 9. Experimental (points) and theoretical (solid lines) plots of shear viscosity
coefficient vs. shear velocity gradient for � = 0.3, ˇ = 0.2, and various values of the
parametersM (a) and c (c): (a) c = 3%,M = (1)23.6 × 106, (2)9.2 × 106, (3)3.6 × 106,
(4)1.86 × 106, (c)M = 23.6 × 106, c = (1)0.5, (2) 1, (3) 2, and (4) 3%.

is rewritten here as

�0(c,M) = 6�0(c,M)

2nT

. (51)

One can see that calculated values are close to the empirical
ones, but, nevertheless, there exists natural scattering of the results.
Note that the estimates of values of relaxation time are less reliable
than the values of coefficient of viscosity due to both the perculiar-
ities to approximation and to natural errors of measurements. Let’s

Fig. 10. Experimental (points) and theoretical (solid lines) plots of the first difference
of normal stresses (corresponding to data of Fig. 9) vs. shear velocity gradient for
� = 0.3, ˇ = 0.2 and various values of the parameters M (a) and c (c): (a)c = 3%,
M = (1)3.2 × 106, (2)9.2 × 106, (3)23.6 × 106, (c)M = 23.6 × 106, c = (1)1, (2) 2, and
(3) 3%.
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Table 1
Characteristics of the systems.

M × 10−6 c, % Me × 10−6 � �0, Pa s �0, s

Empirical Calculated Emp (n . str.) Emp (visc.) Calculated

1.86 3 0.92 0.70 0.063* 0.035 - 0.0013 0.0005
3.2 3 0.92 0.51 0.39* 0.22 0.05 0.01 0.006
9.15 3 0.92 0.35 7.9* 7.9 0.51* 0.4 0.58

23.6 3 0.92 0.31 214 198 2 25 37.2
23.6 2 2.07 0.51 50 28 1.8 14.3 7.98
23.6 1 8.28 0.62 1.6* 1.01 0.33* 1.1 0.57
23.6 0.5 - 0.89 0.1* 0.036 - 0.2 0.041
23.6 4 0.92 0.23 447 787.7 12.5 28.3 109.7

The values marked by * are estimated directly.

notice that values � and ˇ used for the description of experimental
data [31] are equal � = 0.3 and ˇ = 0.2. However, these values do
not influence the values �0 and �0 resulted in Table 1 because, as
shown above, � and ˇ are responsible for the non-linear behaviour
of a polymeric liquid (at the big gradients), �0 and �0 are initial
values of viscosity and relaxation time and are defined at small
gradients.

The paper [31] contains the results of measurements of the
ratio of the second difference of normal stresses to the first one
(�22 − �33)/(�11 − �22), which has typical negative value about
0.1–0.2, which means that, according to Eq. (46), parameter ˇ has
value about 0.2–0.4. The other parameter � also has universal value
about 0.2–0.3. The exact values of the parameter � and ˇwere esti-
mated by the methods of the best fitting between theoretical curves
and experimental points. It was found that the model parameters
ˇ and � are practically independent on the molecular mass and the
concentration of polymer solution.

To estimate the value ofMe, one has to use indirect arguments,
referring to the known dependencies (29) and (31) of the param-
eters of the model �0 and �0 on the molecular weight M and
polymer concentration c. The empirical values of �0 and �0 for
the systems with constant concentration c = 0.03 are depicted in
Fig. 11. The empirical points of viscosity corresponds to depen-
dency �0∼M3.4, while the points for relaxation time corresponds to
dependency �0∼M4.4, at least, for the system with molecular weight
M< 23.6 × 106. These dependencies characterize a weakly entan-
gled system with molecular weight above 2Me < 1.86 × 106. This
evidence allows us to estimate the characteristic length of macro-
moleculeMe between adjacent entanglements, asMe ≈ 0.92 × 106

Fig. 11. Empirical initial viscosity (the circles) and relaxation time (the diamonds)
vs. molecular weight of the systems with concentration 3%. The slopes of dashed
lines are 3.4 and 4.4.

for the investigated systems with polymer concentration 3%. For
the system of higher concentrations, to estimate the quantity Me,
we use the relationMe∼c−2. The estimated values are contained in
Table 1.

The empirical values of viscosity and relaxation time allow us to
estimate the values for � for the investigated systems. The quantity
� can be evaluated, according to the definition of the quantity and
Eq. (42), directly as

� = �

2B�∗ = 
2

12
nT
�0

�0
(52)

The estimated values are collected in Table 1. The value� = 0.35
for of the system, for which the viscosity and relaxation time were
evaluated directly, (c = 0.03 and M = 9.15 × 106) is close to the
expected value (32) for the weakly entangled systems; the values
of� for the systems with other concentrations and other molecular
weights are greater than the expected value (32), though these sys-
tems apparently also belong to the class of the weakly entangled
systems. Note that, in this case, there are no formulae to estimate
values ofMe and � according to the dynamical modulus plateau Ge,
which, by the way, has no distinctive value.

We can conclude that the systems, investigated by Kulike and
Wallbaum [31], correspond to rheological model (43) and (44) and
can be considered as typical samples of the weakly entangled sys-
tems. We have to admit, that the evaluation of the parameters of
the model could not be perfect, and we could not achieve the per-
fect correspondence for the reasons both of introduction of many
approximation into theoretical description and possible errors in
the measurements. However, a systematic study of a set of poly-
meric systems allows us to assess the advantages and disadvantages
of the proposed description.

5. Conclusion

The paper demonstrates the way from the dynamic equa-
tions for single macromolecules to the macroscopic constitutive
relations. Though we have succeeded to pass this way only for
the weakly entangled systems (M< 10Me), the method is also
valid for the strongly entangled systems (M> 10Me). As it was
shown earlier [5], the formulated dynamic equations for a probe
macromolecule seem also to be reliable for the strongly entan-
gled systems (M> 10Me), and it is a challenge for theoreticians
to consider a non-linear problem analytically, to get constitutive
relations for this case, following the method, described in this
paper. The method also can be expanded for the cases of macro-
molecules of complex architecture. The approach based on the
dynamics of macromolecules gives one extra details in compar-
ison with strictly phenomenological description. In this paper,
we do not compare the derived constitutive equations with phe-
nomenological equations used for description of flows of polymeric
liquids.
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In the simplest case, the system of constitutive relations (43) and
(44) contains only one thermodynamic internal tensor parameter
and provides an approximate description of flows of polymer melts;
at least one can use the model (43) and (44) the initial approxima-
tion for the description of non-linear and viscoelastic properties of
solutions and melts of linear polymers. One needs in the fundamen-
tal quantities: initial coefficient of viscosity�0 and initial relaxation
time �0 to describe the flow of polymeric system in course approx-
imation. These quantities depend on concentration and molecular
weight of polymer. The dependences can be estimated referring
to dynamics of macromolecules in the system or empirically. To
reach a more good approximation, one needs in two extra param-
eters ˇ and �. The system appears to be convenient to develop
a numerical method of investigation of non-homogenous poly-
mer flows in both two-dimensional and three-dimensional cases
[32,33].

We should like to stress once more, that the developed descrip-
tion is a sort of phenomenological (mesoscopic) description, which
allows one to get a consistent interpretation of experimental data
connected with dynamic behaviour of linear macromolecules in
both weakly and strongly entangled polymer systems in terms of a
few phenomenological (or better, mesoscopic) parameters: it does
not require specific hypotheses. The description of the phenomena
might appear to remain qualitative, so as there are apparently many
points, where the description of the modes can be improved. Apart
of empirical justification, the mesoscopic effective-field approach
itself is needed in proper microscopic justification. The characteris-
tics of reptation motion can be also deduced from geometrical and
topological aspects of macromolecular dynamics [36,37], so that the
parameters of the theory eventually could be linked with details of
structure of entangled systems. One can believe that the developing
methods [14,34–38] can be helpful to bring a microscopic justifica-
tion of a single-macromolecule equation in the entangled systems.
This is a really fundamental problem in polymer physics.
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